
	  

IV.	  The	  Entanglement	  properties	  computed	  in	  Four	  Steps	  

The	  Tower	  of	  States	  and	  the	  Entanglement	  Spectrum	  in	  a	  
Coplanar	  Antiferromagnet	  	  
	  

I.	  What	  is	  the	  ‘tower	  of	  states’?	  
A	  system	  that	  exhibits	  spontaneous	  continuous	  symmetry	  breaking	  (SSB)	  in	  the	  
thermodynamic	  limit	  will,	  for	  any	  finite	  system	  size,	  have	  a	  unique	  ground	  state.	  
How	  then	  can	  any	  finite	  system	  show	  signatures	  of	  its	  symmetry	  breaking	  fate?	  	  
Anderson	  pointed	  out	  that	  such	  a	  finite	  size	  system	  contains	  a	  'tower	  of	  states'	  or	  
'thin	  spectrum':	  eigenstates	  with	  an	  energy	   	  that	  vanishes	  in	  the	  
thermodynamic	  limit,	  and	  who	  have	  a	  degeneracy	  structure	  that	  reveals	  the	  order	  
parameter	  symmetry.	  
This	  tower	  of	  states	  can	  be	  used	  to	  discover	  the	  symmetry	  broken	  state	  numerically.	  
In	  general,	  the	  ground	  state	  entanglement	  can	  reveal	  the	  low-‐energy	  spectrum	  of	  a	  
phase.	  	  
For	  SSB-‐systems,	  the	  entanglement	  spectrum	  will	  have	  the	  ‘tower	  of	  states’	  
structure.	  This	  is	  shown	  for	  collinear	  magnets	  in	  [1],	  in	  this	  work	  we	  show	  it	  for	  
coplanar	  antiferromagnets.	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  

	  

O(1/N)

Louk	  Rademaker,	  Max	  Metlitski	  
KITP,	  UCSB	  

II.	  Coplanar	  Antiferromagnet	  
In	  a	  coplanar	  antiferromagnet	  the	  order	  parameter	  is	  
not	  a	  vector	  but	  rather	  an	  SO(3)	  rotation.	  
The	  prime	  example	  is	  the	  Heisenberg	  antiferromagnet	  

	  
on	  a	  triangular	  lattice	  with	  the	  magnetic	  order	  

	  
defined	  by	  the	  three	  vectors	  nA,	  nB	  and	  nC.	  
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IV.A.	  To	  compute	  the	  ground	  state	  wavefunction,	  we	  split	  off	  the	  k=0	  components	  of	  the	  a-‐field	  into	  the	  constant	  component	   	  and	  the	  spin	  wave	  
fluctuations	   .	  The	  wavefunction	  for	  the	   	  component	  is	  a	  singlet,	  for	  the	  spin	  waves	  we	  get	  an	  anisotropic	  Gaussian	  wavepacket,	  

	  with	  inverse	  propagator
	   	  

and	   	  the	  spin	  wave	  velocity	  matrix.
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IV.C.	  The	  k=0	  component	  of	  the	  reduced	  density	  matrix	  now	  displays	  the	  
tower	  of	  states.	  To	  see	  that,	  we	  can	  write	  out	  the	  zero	  momentum	  part	  
in	  terms	  of	  an	  entanglement	  Hamiltonian,	  

	  
where	  I	  depends	  on	  the	  size	  of	  subregion	  B,	  

.	  
The	  lowest	  eigenstates	  are	  now	  of	  the	  form	   	  with	  energies	  

,	  which	  is	  lower	  than	  the	  spin	  
wave	  eigenstates	  with	  energy	   .	  
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IV.D.	  The	  entanglement	  entropy	  can	  now	  	  be	  computed.	  	  
The	  spin	  waves	  are	  just	  free	  bosons,	  and	  hence	  give	  an	  area	  law	  
contribution	  to	  the	  entanglement	  entropy.	  	  
The	  k=0	  component	  of	  the	  reduced	  density	  matrix	  can	  be	  raised	  to	  
the	  n-‐th	  power	  

	  
so	  that	  the	  Von	  Neumann	  entanglement	  entropy	  obtains	  an	  extra	  
logarithmic	  term	  due	  to	  the	  tower	  of	  states,	  

	  
where	  the	  universal	  prefactor	  N/2	  counts	  the	  number	  of	  Goldstone	  
modes	  of	  the	  symmetry	  broken	  state.	  
	  
	  

⇢nA[⇡0,⇡
00
0 ] ⇠ n�3/2

✓
2⇡

I

◆3(n�1)/2
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V.	  Comparison	  to	  
numerics	  
The	  structure	  of	  the	  
states	  in	  the	  
entanglement	  
spectrum	  that	  we	  
found	  using	  the	  
nonlinear	  sigma	  model	  
is	  the	  same	  as	  found	  by	  
Kolley	  et	  al	  [2]	  using	  
DMRG.	  

III.	  SO(3)	  Nonlinear	  Sigma	  Model	  
The	  coplanar	  antiferromagnet	  can	  be	  described	  by	  a	  nonlinear	  sigma	  model,	  where	  the	  vector	  a	  lives	  on	  the	  3-‐sphere,	  

	  
where	  the	  vector	  field	   	  defines	  the	  anisotropy	  between	  in-‐plane	  and	  out-‐of-‐plane	  spin	  waves.	  
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IV.B.	  The	  Reduced	  Density	  Matrix	  can	  be	  obtained	  by	  integrating	  out	  the	  degrees	  of	  freedom	  on	  a	  subregion	  B,	  starting	  from	  the	  
full	  density	  matrix	   .	  Therefore	  we	  expand	  the	  fields	  around	  the	  north	  pole	  of	  the	  3-‐sphere,	  

.	  After	  Gaussian	  integration	  over	  subregion	  B	  we	  obtain	  
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VI.	  Conclusion	  
Using	  an	  SO(3)	  nonlinear	  sigma	  model,	  we	  show	  that	  the	  
ground	  state	  entanglement	  spectrum	  of	  a	  coplanar	  
antiferromagnet	  displays	  the	  'tower	  of	  states'	  structure.	  	  
Consistent	  with	  earlier	  results	  for	  $O(N)$	  models,	  the	  
entanglement	  entropy	  counts	  the	  number	  of	  Goldstone	  
modes	  of	  the	  broken	  symmetry	  state.	  
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FIG. 3. Tower of states (TOS) structure in the ES of the J1-J2 Heisenberg model on the triangular lattice (THA) (J2/J1 = −1). ES for half
of the system: ES levels ξ versus SA(SA +1), SA being the total subsystem spin. Symbols are DMRG data for cylinders withW = L/2 = 6
(a) andW = L/2 = 9 (b) (cf. Figure 1). Each point corresponds to a degenerate SU(2) multiplet (2SA + 1 levels). Filled symbols denote
the ES levels forming the TOS. Dashed-dotted line highlights the TOS behavior as SA(SA + 1). TOS levels are divided from the rest of the
spectrum (levels above the dashed line) by an entanglement gap. The total number of ES levels in each SA sector is reported in green (numbers
accompanying ES multiplets). Right panel: Enlarged view of the TOS structures in (a) and (b), ES plotted versus SA. ES levels at each SA

are shifted by the highest level (dotted lines in (a)(b)). Lines are guides to the eye as in (a)(b). Accompanying numbers denote the number of
degenerate multiplets.

waves) arising from the breaking of the SU(2) symmetry
(here vs is the spin wave velocity). The behavior TE ≈ 1/

√
V

originates from the linear dispersion of spin waves and the
momentum quantization as 1/

√
V on a finite lattice.

From (6) two remarkable properties can be derived. First,
using thatHT ∼ 1/V (cf. (5)) and TE ∼ 1/

√
V , one obtains

that the spacing between the ES levels building the TOS struc-
ture is vanishing as 1/

√
V in the thermodynamic limit. Ad-

ditionally, including the spin wave contributions in the energy
spectrum, i.e. replacingHT → HT +Hsw, and assuming that
ES levels above the TOS structure are spin wave like, from (6)
one obtainsHE as

HE ∼ (HT +Hsw)/TE. (7)

The behaviors TE ∼ 1/
√
V and Hsw ∼ 1/

√
V now suggest

the formation of a finite gap (in the limit V → ∞) between
the TOS structure and the higher part of the ES. However, one
should stress that a logarithmic vanishing of the entanglement
gap, also suggested by field theoretical calculations [68], can-
not be excluded. These findings (presence of a finite gap in
the ES and the finite size behavior of the TOS structure) have
been confirmed in Ref. [15] for the 2D Bose-Hubbard model
in the superfluid phase.
Finally, it is interesting to discuss how TOS structures af-

fect the behavior of the entanglement entropy. The fact that
the low-energy part of (2) (and its ground state) can be de-
scribed by an effective free bosonic theory (Hsw, cf. sec-
tion III) suggests that an area law behavior should be expected
(cf. [1] and references therein for a discussion of area laws in
free systems). On the other hand, the breaking of a continu-
ous symmetry gives rise to additive logarithmic corrections to
the entropy [14], which, for instance, have been observed nu-

merically in the 2D Heisenberg antiferromagnet on the square
lattice [69–71]. At the level of the ES, these corrections are
associated with the TOS structure, while the area law arises
from ES levels above the entanglement gap. Note that the
entanglement gap is typically large deep in a SU(2)-broken
phase (see section IVB), implying that the TOS levels give the
dominant contribution to the entanglement entropy, while the
area law behavior is recovered only asymptotically for large
system sizes.

B. DMRG results

J1-J2 kagomé Heisenberg (KHA).— We start discussing
the tower of states structures in the ES of the KHA at J2/J1 =
−1. Figure 2 plots the ES (DMRG data) obtained from the
ground state of the KHA on cylinders (cf. Figure 1 (iii)) with
fixed aspect ratio W/L = 1/2 and W = 3, 4 (respectively
center and left panels in Figure 2). Total number of spins in
the subsystem is given as 3W 2 (ES is for half cylinder) and
is even (odd) for W = 4(3). ES levels ξ are plotted versus
SA(SA + 1), SA being the total spin of subsystem A.
In each spin sector SA a family of low-lying ES multiplets

(each point corresponds to an SU(2) multiplet of degener-
ate levels, filled rhombi in Figure 2) is well separated from
higher levels by a gap. The total number of levels below the
gap (TOS levels) in each sector SA is given as (2SA + 1)2

(numbers accompanying ES multiplets in the Figure), clearly
reflecting the corresponding multiplicity (as (2S + 1)2) in
the energy tower of states (cf. section III). Also, the lower
part of the TOS levels exhibits the typical TOS behavior as
SA(SA + 1) (see dashed-dotted lines in Figure 2) in agree-


